Abstract. In this paper the question of emission of fermions in the process of dilaton black hole evolution and its characters for different dilaton coupling constants α is studied. The main quantity of interest, the greybody factors are calculated both numerically and in analytical approximation. The dependence of rates of evaporation and behaviour on the dilaton coupling constant is analyzed. Having calculated the greybody factors we are able to address the question of the final fate of the dilaton black hole. For that we also need to make dynamical treatment of the solution by considering the backreaction which will show a crucial effect on the final result. We find a transition line in (Q/M, α) plane that separates the two regimes for the fate of the black hole, decay regime and extremal regime. In the decay regime the black hole completely evaporates, while in the extremal regime the black hole approaches the extremal limit by radiation and becomes stable.
Introduction
Gravitational systems coupled to Maxwell and dilaton fields emerge from several more fundamental theories. In particular the low energy limit of (super) string theory or Kaluza-Klein compactifications result in such systems, wich have been studied for long time [1] [2] [3] [4] . Corresponding black holes and their evaporation are also studied previously. The exact black hole solution goes back to [5, 7] from 70's. The thermodynamics of the black hole in this theory shows interesting properties which depend on the dilaton coupling α. For α < 1 one expects similar properties as for the standard ReissnerNordström black hole, although we find a range 1/ √ 3 ≤ α < 1 in which some properties differ significantly. The behaviour of the theory in the range of α > 1 is significantly different and shows unexpected features some of which are addressed in this article. The particle emission by dilaton black holes studied in several articles falls among them. Holzhey and Wilczek [3] derived the potential barrier which for α > 1 strongly impedes the particle radiation to the extent that may stop it. In contrast, Koga and Maeda [4] showed by numerical computation that Hawking radiation wins over the barrier and the dilaton black hole does not stop radiating, despite the fact that the potential barrier becomes infinitely high. All this is done for emission of scalars and in semi-classical approximation. The question is which of these results stay valid once we consider the process for fermions and consider next order correction arising from the back-reaction. As expected, fermionic emmision show more or less similar properties qualitatively as scalars, but considering next order of dynamical effect as back-reaction changeds the scene and becomes the key factor when the evolution of the black hole moves it close to the extremal limit.
Shortly after the discovery of Hawking radiation, it was noticed that due to large value of e m 2 × 10 21 , large black holes are unlikely to hold any charge and rapidly radiate away their charges [6] and become neutral. Hence in nature we must look for neutral black holes rather than charged ones. However, considering the next order effect of the dynamics of the dilaton black hole we find that this need not be valid for all ranges of parameters. We find a transition line in the (Q/M, α) plane which designates the border between two regions; one region specifies the parameters for black holes which evaporate completely and the other for black holes that end up as extremal condition. In the latter case the black hole stops radiating and becomes stable.
The radiation rates of spin 1/2 particles and the fate of different types of Einstein Hilbert black-holes in the semi-classical approximation [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] using greybody factors have been calculated both numerically and analytically. Certain results on the scattering parameters of Dirac field such as quasinormal frequencies or decay rates in the background of dilaton [18, 19] and other types of black holes are also presented [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . But there are number of unsettled questions which we will consider in this article.
For completeness and setting the notation the next section is devoted to a quick review of the charged dilaton black hole and its properties, such as general results on decay rates of mass and charge, thermodynamics, etc.
In section 3 we set up the Dirac equations for emission of charged fermions in the background of a charged dilaton black hole and derive the effective potentials. We also solve the equations to find the greybody factors that are the important factors in calculation of the emission rates.
Our main results which are obtained by numerical computations are presented in section 4, but to get a better view we also look at analytical approximation of the solutions to the Dirac equations and evaluation of the greybody factors using RosenMorse potential [39] [40] [41] and WKB approximation. The evolution of the charged dilaton black hole and the rates of charge and mass emission are discussed and the existence of a transition line is demonstrated. We also compute the transition line for different ranges of the parameters of the problem at hand.
Section 5 is devoted to the analysis of the results and their behaviour under change of various parameters involved.
Finally in section 6 we end with concluding remarks and future plans. In the appendix the details of the computation of the effective potential for fermions in the background of most general static black hole is presented.
A short review of dilaton black hole, greybody factors and Hawking radiation
In this section we consider an Einstein-Maxwell gravity coupled to a dilaton field φ with the dilaton coupling constant α. The action is
The signature of the metric is (+ − −−). The parameter α is a dimensionless constant, and F 2 = F µν F µν . The behaviour of the theory shows non-trivial dependence on α that we will see in rest of the article. The equations of motion are; the Maxwell equations
2)
the Einstein equations 4) and the dilaton equation
The spherically symmetric black hole solutions of this action are well known and found long ago [1, 2] ; The two ( inner and outer) horizons are located at
and 12) where M and Q are ADM mass and charge of this black hole respectively. Note that for α < 1 in order to preserve reality of the horizons one must have |Q/M | ≤ 1 √ 1−α 2 , but for α > 1 we do not have such restriction. We shall see that the different behaviour of the black hole for these two ranges of α occurs also in several places. To have r + > r − we must also have Q 2 M 2 < 1 + α 2 and in the extremal limit where the two horizons coincide;
13)
The case of r − > r + or equivqlently
is not considered in detail in this article. It requires particular attention since it behaves very differently and is under study by the authors.
The Hawking temperature of this dilaton black hole is
This dilaton black hole demonstrates interesting thermodynamical properties not present in non dilatonic ones [3, 4, 42, 43] . Obviously, the behaviour of the temperature is drastically different from the normal Reissner-Nordström black hole. For α < 1, it is much like that of RN black hole and approaches zero when the black hole becomes extremal. The drastic difference occurs for α > 1 and α = 1. When α > 1, at the extremal limit the temperature diverges, while for α = 1 it has a finite value T H = 1/4πr + . Such behaviour implies that the Hawking radiation might be quite different with strong dependence on the coupling constant α.
The condition (2.13) arise if r + is truly the outer horizon, r + > r − . In this case the inner horizon r − of this black hole has other interesting characteristics which is unique among black holes [3] . For non-zero α and for extremal black holes the angular factor R in the metric (2.6) vanishes at the event horizon and the geometry becomes singular which must be resolved. However, there is no such a singularity for Reissner-Nordström black hole (α = 0). In the string frame (α = 1) this singularity completely disappears by rescaling the metric with the conformal factor. In this frame which is obtained by removing the singular scale factor 1 − r − r from Einstein frame metric (2.6), and in the extremal limit, and imposing the the asymptotic constant value of the dilaton φ 0 = 0, we have [2] ,
In the String frame the geometry of t = cte. surfaces for this metric is similar to that of Reissner-Nordström for t = cte. surfaces.
Contrary to Reissner-Nordström (α = 0) where for Q > M the geometry becomes complex and exposes the naked singularity at r = 0, for dilaton black hole (α > 0) inner horizon can pass the outer horizon r − > r + or we can have 1 <
for α ≥ 1 and the geometry remains real [3] . This range of parameters, as stated above requires its own analysis which is under study and shall be reported separately.
Hawking radiation at the event horizon is exactly the black-body radiation [5] . However, before this radiation reaches the distant observer, it must pass the curved space-time around the black hole horizon [44, 45] which modifies it to a large extent. Therefore an observer located at far distance from the black hole observes a differnet spectrum than pure black body radiation. The geometry outside the event horizon apart from red-shifting the radiation also plays the role of a potential barrier, thus filters the Hawking radiation. The portion of the Hawking radiation passing the barrier, just goes under the red shift to infinity whereas the remainder is reflected back into the black hole. Hence, from viewpoint of infinite observer the space-time around the black hole, acts like a potential barrier and forces a deviation on blackbody spectrum. This deviation can be calculated by obtaining greybody factors from the scattering coefficients of the black hole.
Holzhey and Wilczek have obtained the potential for scalars, V η that at the extremal limit is proportional to (1 − r + /r) 2(1−α 2 )/(1+α 2 ) [3] . It is illuminationg to write the potential as a product of two factors as in the following,
16)
17)
. (2.18) Again the strong dependence on α with three distinct behaviour for α < 1, α = 1 and α > 1 is visible. For α < 1 it is qualitatively like RN black hole, i.e. α = 0: it tends to zero at the event horizon, increases to a maximum and as r becomes large tends to zero again. For the case α = 1, the height of the potential barrier near extremal limit remains finite. For the class of black holes with α > 1 in the extremal limit the height of the potential barrier diverges on the event horizon. For non-extremal cases the height of potential barrier is finite, but its peak grows as (r + − r − ) −2(α 2 −1)/(α 2 +1) as one approaches the extremal limit. The behavior of the potential can be better understood in the tortoise coordiantes. In this case and at the extremal limit the tortoise coordinate in the event horizon, r * is finite and the height of potential barrier increases by decrease in its width. Based on the behaviour of effective potential for α > 1 Holzhey and Wilczek [3] came to expect that as one approaches the extremal limit, the emission rate of the black hole tends to zero. However, later Koga and Maeda [4] under the assumption of conservation of the Black hole charge, showed that numerical calculations point to the emission of the large amount of energy for the scalars in the extremal limit due to the afore-mentioned divergence of the temperature.
Mass and charge evaporation rates of black hole in terms of radiation spectrum are given by [15] , 20) with the minus sign is for bosons and the plus sign is for fermions. The electrical potential of black hole on the event horizon Φ H = Q/r + . For near extremal limit or for black hole with small mass where emission of the quanta of energy and charge alters the temperature of black hole significantly, one must take into account backreaction effects in the Hawking radiation spectrum [46] . For this purpose, substituting ω with −dM and q with −dQ in above formula and using first law of black hole thermodynamics [7] we obtain the nonthermal spectrum of Hawking radiation,
S BH , is the entropy of the black hole and S BH is change of the entropy of black hole before and after radiation of the quanta of energy and charge,
23)
The first law of black hole thermodynamics [1, 7] states,
In the above formulae R n (ω), is the reflection coefficient of emitted particle which can be obtained from the solution of wave equation with appropriate boundary condition. n is the angular parameters of the emitted particle that in this paper is replaced by κ, for spinors and l, for scalars. m, ω and q, are rest mass, energy and charge of the emitted particle. As we will see in the next section the equation take a simple form in tortoise cocrdinates defined as r * = dr/f (r) 2 . This coordinate maps the location of event horizon r = r + , to r * = −∞. In this coordinate the boundary conditions or asymptotic behavior of the wave functions for the particles leaving the black hole horizon in terms of the transition and reflection coefficients are, 25) where Ψs' are the asymptotic solutions of wave equations for outgoing modes.
The greybody factor defined as transition probability of wave in a given mode through the black hole potential, can be written in terms of the reflection coefficient as follows,
If we suppose the particles are coming from infinity into the black hole, these factors will indicate absorption coefficients of black hole. So, the greybody factors can be computed by obtaining the scattering coefficients of black hole. In the next section we will solve the corresponding equations to find these coefficients.
Charged massive Dirac particle in the background metric
In this section we address the main technical question of this article, emission of charged massive spin 1/2 particle in the background of dilaton black hole which is the key to our further analysis. Details of this calculation is presented in the appendix.
The equation of motion for spin 1/2 particle with charge q and mass m in the background metric (2.6) is;
where
Γ µ is the spin connection defined by
3)
We solve (3.1) by separation of variables and taking Ψ = f (r)
Let us define the operator K
with eigenvalues
Here κ is a positive or negative integer (κ = κ (±) = ±1, ±2, ...). Positive integers indicate (+) modes while negative integers indicate (−) modes.
One can show that after separation of radial and angular variables Φ can be taken as;
with
for j = l + 1/2 and
In this derivation we have followed [20-23, 28, 30, 36-38] .
with θ (±) = arccot κ (±) /mR(r) , 0 ≤ θ (±) ≤ π and the tortoise coordinate change r * = f (r) −2 dr, we can separate equations to get, W (±) and V (±)1,2 . Eventually, as shown in the appendix, the wave equations for spinors are ,
The radial potentials are
r * is the generalized tortoise coordinate,
and
The effective potential of scalars V η and fermions V 1,2 and also superpotential W r 2 which approximately determines their main characteristics; the location of the maximum, its height, the behaviour at infinity and at the event horizon, for different charges and coupling constants. This factor shows that for α = 1/ √ 3, there is a turning point so that for this value the potential becomes independent of the charge. Note that since
, when r + is kept constant
or effectively r − represents the square of the charge. So when α changes it passes through the turning point as a special point discussed more in the following.
The maximum of effective potential for both scalars and fermions is approximately, r + . By gradually increasing the charge, the position of the maximum changes. The direction of its change depends on the value of coupling constant. When 0 ≤ α < 1/ √ 3, addition of charge, either positive or negative, pushes the position of the maximum away from the horizon which tends to r max → 2r + 1+α 2 at extremal limit when goes to zero. In the case of α = 1/ √ 3 the location of maximum doesn't change by change of black hole charge and is always in constant location r max = 3 2 r + . In the case 1/ √ 3 < α < 1, by increase of the charge, the location of maximum decreases and approaching extremality it tends to r max → 2r + 1+α 2 . In the case of α ≥ 1, when r − approaches the extremal limit ( → 0), the position of the maximum moves toward the event horizon (r max → r + ). In the case of α → ∞ the maximum point approaches to r max = 1 + 2 r + . Hence the maximum is always in following ranges
Since V 1 and V 2 are supersymmetric partner potentials, they must have same spectra and maximum height [22] .
Supposer * max andr * max1,2 are maximum of W and V 1,2 in generalized tortoise coordinate respectively. We will concluder * max1 <r * max <r * max2 . The zeros of the first derivative of effective potentials (
. In order to obtainr * max1,2 =r * max + ∆r * max1,2 we expand
To conclude thatr * max1 <r * max <r * max2 we shall show that the denominators of the above equations are allways positive. With this aim we calculate
∂r 2 * atr * =r * max .
Owing to similar behavior of supersymmertic partner potentials V 1,2 ( Figure 1 ) and their superpotential W , sign of their concavity (which is negative) must be equal. Consequently, above expression is always positive. Furthermore, as we have ∆r * max1,2 ∆r max1,2 f (rmax) 2 from (3.14), it leads to r max1 < r max < r max2 . As shown before the peak of V 1 is closer to the horizon, so for better approximation we analyse V 1 . Suppose we are near extremal condition, we distinguish three different behaviour for the r max .
For α < 1 we have r max → 2 1+α 2 r + , and for α = 1, r max → (1 + 2 )r + and in the case of α > 1 we obtain r max → 1 + 1 2
For fermions the value of the maximum approximately is 20) and
For scalars the height of the maximum can be approximately obtained from (2.16) as follows
In the case of neutral black holes (r max → 3 2 r + ) the maximums for fermions and scalars are Figure 1 shows plots of potential for fermions for different values of α and black hole charge, from which one can observe the behavior discussed above.
Comparing the maximum of the potentials for scalars and fermions from previous equations and figures 2a and 2b we see that the value for the scalars is always less than that of fermions. Consequently, the greybody factors for scalars (figure 2c) would be greater than that of fermions (figure 2d). Besides, as scalars obey Bose-Einstein statistics in thermal emission they would provide a much larger share of the black hole energy emission with respect to fermions (figure 2e and 2f). Note that the charge of the emitted particle appears as the product qQ in the denominators of W and in the maximum of the potential (3.22). The maximum is higher for the case when the emitted charge has the same sign as the black hole. Surprisingly emission of the opposite charge is easier. We shall see this effect quantitatively when we calculate the greybody factors. When q = 0, we obtain the result for the emission of uncharged fermions such as neutrinos. In this case only the gravitational force acts on the particle. Also, it can be seen that the metric factor at the horizon is zero f (r + ) 2 = 0, where the potential also vanishes. At infinity W 2 and the potential will be equal to m 2 . The expression for superpotential W
2
shows there is an angular term κ 2 R(r) 2 which vanishes at the extremal limit. The same factor decreases as α increases. Therefore, the height of potential barrier increases as the value of coupling constant increases indicating that the coupling constant can have significant effect on greybody factors and evaporation rates of the black hole.
The potential barrier grows as the second power of the angular variable κ as a result of which we expect lower emission of higher angular momenta. The angular momentum term κ 2 R(r) 2 is very distinct for the dilaton black hole and approaches 
Greybody factors and dilaton black hole evolution
In this section we find the greybody factors which are essential in the evolution of the black hole. The backreaction which also heavily modifies both elements is taken into account. The greybody factors are calculated with analytical approximation and also numerical method. Although our conclusions rely upon the numerical copmutations, the analytical approximation gives insight to the results obtained. 
(e) α = 1; in terms of r * /[r + ]. 
(f) α = 1; in terms of r/[r + ]. (a) Effective potentials for scalars.
•0. 
(e) Energy evaporation rates for scalars. 
Inclusion of backreaction correction
As stated previously the temperature of dilaton black holes plays a significant role on their behavior. The temperature at the extremal limit vanishes for α < 1, tends to 1 4πr + for α = 1 and diverges for α > 1. For α < 1 as approaching the extremal limit the temperature tends to zero and the black hole cools . While for α > 1 the divergence of the temperature seems to lead to the eruption of the black hole. On the other hand, in this case the inclusion of backreaction will show that the geometry outside the event horizon prevents the decay of the black hole and cools off its radiation completely at the extremal limit. Thanks to this correction the solution provides a more dynamical picture. In this part first we will explain the inclusion of this correction into the solution and then try to show the effect of this correction by analytical approach, for a better clarification of the situation. Due to similarity between equations of scalars and fermions analytical solution is provided only for fermions. Finally the inclusion of this correction which is more evident in high frequency are presented in figures 4b, 7a, 7d, 10 with numerical solution. The α = 1 case needs higher order corrections which is delegated to the future works.
Indeed, emission of a quanta of energy ω and charge q changes the mass M and charge Q of the black hole. Hence, to the first order of backreaction correction one can subtract the lost energy and charge from the black hole and solve the equations in the new background geometry. With this aim we insertḾ = M − ω andQ = Q − q into all the equations. In this way we resort to an adiabatic approximation and use the formulae (2.19) and (2.20) at every step of the evolution of the black hole.
According to (3.22) for fermions and (3.25) for scalars in α > 1 the maximum of the effective potentials grows as the black hole approaches the extremal limit, where it diverges. Consequently, the emitted particle carrying an amount of energy and charge of the black hole pushes it toward the extremal limit orŕ
. This causes the potential barrier to grow and prevent the process.
As was obtained previously the place of the maximum of the effective potential, for both fermions and scalars, approaches the event horizon as the black hole approaches the extremal limit, r + → 1 + 1 2
. In the analytical solution of wave equation at the extremal limit we need the solution of generalized tortoise coordinate (3.14) near the event horizon. In this limit given
Contrary to the expectations, this tortoise coordinate at the extremal limit and for α > 1 at the limit r → r + is finite, while in other cases it tends to −∞. This can be observed in figure 1g where the width of the potential barrier decreases as the black hole approaches the extremal limit.
In order to obtain the magnitude of the influence of the backreaction on the high frequency results, we first need to calculate the change in the potential barrier under the emission of quantum of energy ω = −δM and charge q = −δQ, respectively the changes in mass and charge of the of black hole. We have used the maximum height of the potential barrier obtained in (3.22) on the grounds that it can be approximated with potential barrier near the event horizon. Then, the effect reflected on the in inner (ŕ − = r − + δr − ) and outer (ŕ + = r + + δr + ) horizon assuming near extremal limit
For the case α > 1 the denominator of (3.22) , where the term 1 − r − r + causes the effective potential to diverge at the extremal limit, plays a significant role on the black hole behaviour when backreaction correction is applied. The change of this term under the change of black hole mass δM and charge δQ is ,
where we have = 1 −
Suppose under the emission of the quantum of energy ω = −δM and charge q = −δQ this term vanishes. Consequently, the effective potential diverges and as a result the passage of the particle through the potential barrier is impeded. Hence, 1 −ŕ − r + = 0 puts an upper limit on the high cutoff frequency (ω HCF ).
Of course as we will discuss below the true high frequency cut off is much smaller.
As the black hole approaches the extremal limit ( → 0), this high cutoff frequency tending to ω HCF → q √ 1+α 2 decreases. Obviously, because of the emission of other neutral particles with zero second term ( q √ 1+α 2 = 0) and opposite sign charged particles, this high cutoff frequency would be smaller than the obtained value. In addition, as can be observed from figure 10a, as the black hole approaches the extremal limit the low cutoff frequency ω LCF , specified by the greybody factor, increases as a function of temperature of black hole (ω LCF ∝ T H ) divergent in this limit. Hence in this limit the Hawking radiation of the black hole would be strongly suppressed.
After the emission of particle from event horizon, the maximum of the potential (3.22) changes, (V 1,2 ) max = (V 1,2 ) max + δ(V 1,2 ) max . In this limit given
This equation shows as the black hole emits particle with ω > M Q q, the height of potential barrier grows and it reduces the greybody factors.
In order to obtain the change in the greybody factorsγ(ω) after inclusion of backreaction correction, we approximate the change of the maximum of the potential barrier δ(V 1,2 ) max to the first order under this correction,
To obtain the greybody factors WKB approximation is used. This approximation gives the transmission probability from a potential well [22] . However, because the change of the greybody factors is needed only and the peak of the potential barrier is near the horizon, we separate the δ(V 1,2 ) max part and integrate over this near the event horizon and obtain,
where γ(ω) is greybody factors without the backreaction correction. On the grounds that maximum height of potential at the extremal limit is near the event horizon (r max 1 + 1 2
r + ), the integral is taken over r r + , 1 +
r + region. In this range of integration we can assume δ(V 1,2 ) max be a constant. Finally, the greybody factors under the inclusion of backreaction is given by,
Note that here we have asumed that the charge of black hole is positive ( shows that the greybody factors at high frequency make the black hole to lose charge, as can be observed from figure 7d in high frequency. Besides, we obtain the important result in equation (4.8) which is also shown in figure 10a that as the black hole approaches the extremal limit → 0 the greybody factorsγ(ω) vanishes.
Analytical approximation and numerical solution
To calculate the greybody factors [9] [10] [11] [12] [13] [14] [15] [16] [17] 44] we need to solve (3.11) and (3.13). Analytical solutions to such equations are formidable. We choose two methods of approximations to solve these equations. First we approximate the potential by a solvable potential, the Rosen-Morse potential [39] [40] [41] and then we solve the equations numerically. Using this potential quasi-normal modes of several black holes have been obtained [37, [47] [48] [49] [50] [51] . The numerical solution helps us to estimate the errors of our analytical approach. As we shall see later the approximation is quite reliable.
We also include corrections due to the backreaction. This correction becomes important when the black hole approaches the extremal limit.
We use adiabatic approximation to include the effect of the emission of particles. Like previous works we assume the emission rate is not too large and hence at any moment the black hole configuration remains unchanged as (2.6) except that the mass and charge have changed, M → M − δm and Q → Q − δq. This enables us to use the rates calculated by taking M and Q constant. Obviously approaching the extremal limit without applying the correction the results are not as reliable.
Rosen-Morse potential, originally devised to investigate diatomic molecules has an attractive core approximating the vibrational states, but approaches a constant to allow dissociated states. In our case it is parametrized as [41] 
To fix the parameters we match it with the black hole potential (3.13) at the boundaries r * → ±∞ 10) and its value at the maximum,
where V max is maximum value of black hole potential. When
<< 1 it will become equal to V 0 . In (4.9), λ indicates the width of black hole potential. An approximation in obtaining λ is finding the distancer * λ of maximum of black hole potential location from its half in tortoise coordinate,
In the above equation for simplicity the mass term is neglected. Hence, λ as a function ofr * λ is given by,
These parameters are schematically shown in figure 3 .
Solving the equations with Rosen-Morse potential replaced for the true black hole potential, one obtains the reflection coefficient and the greybody factors [41] ,
14)
The Rosen-Morse potential for our case is compared with numerical plot of potential (3.13) in figure 4a. As it can be seen the difference looks negligable. In figure 4b we will also compare the results of the greybody factors (obtained by the two methods). The relative error is less than 2%. The errors at the low frequency limit is larger than the errors in the high frequency limit. This make the low frequency errors more serious since they have stronger effect on the evaporation rates.
Although the numerical results are more reliable but the analytic results obtained by above approximation allows us to explore the behaviour of the greybody factors more intutively.
Evolution and fate of the dilaton black hole
In this part we explore the evolution and fate of the dilaton black hole. We shall pay particular attention to the conditions under which the black hole evolves to two possible final states, spontaneously evaporating towards extremal limit, or complete evaporation. We call the boundary of the separation of these two conditions in the (Q/M, α) plane (figure 5), the transition line. So we distinguish two regimes in this plane, a region of parameter where the final fate is an extremal black hole which we call "extremal regime" and a region in whcih the final condition is total evaporation called "decay regime". We Figure 5 : Plot of transition line, extremal line, extremal regime, decay regime, and direction of evolution and fate of dilaton black hole. Upward arrows in the extreml regime, show the direction of black hole evolution towards extreml limit (flat geometry for α >> 1), downward arrows in the decay regime show its direction of evolution towards neutral black hole (Schwarzschild black hole) which finally leads to complete evaporation. Numerical values are α 0 = 40, mM = 1/2π have avoided to call these conditions "phase" since that will cause a misunderstanding with thermodynamical phases.
The existence of this transition line is easily shown by going to certain limits. First we prove that there is certain regions that the final fate of the black hole is inevitably extremal case. We show this for at least two regions of the parameters, for very large α and the other when Q/M > q/m. First we discuss the case for large α.
If we go to large α, equation (2.20) shows that the positive and the negative charges are emitted with equal rate. To see this more carefully, note that in the charge flux both greybody factors and Boltzmann factor in Hawking radiation, depend on |qQ| ωr + . Also note that when both sign of charge are emitted the charge evaporation reduces and it may hinder the motion of the black hole in the (Q/M, α) plane away from the extremal line ( 2 , we see that for large α, qQ ωr + → 0, and this causes the net charge emission rate to vanish. But mean while the energy keeps being radiated. Since for a fixed charge there is a lower limit for the mass of the black hole (M > Q/ √ α 2 + 1), finally the energy radiation must also come to halt resulting in a extremal state.
Before discussing the other case let us explore an illuminating property of the large α case. When α is much larger than 1, the geometry (2.6) becomes flat in the extremal black hole case. So any black hole geometry in this regions (α large) and extremal regime (figure 5) taking r = r − r − will end up in an extremal state with a flat background geometry.
Therefore it will look like an elementary particle [3] in a flat space. Now let us turn to other example which will also help us to find a mathematical discipline of the line separating two regimes mentioned.
Another case where similar phenomena happens is where in the process of emission of charge and mass, the black hole moves close to the extremal limit. Since it emits both positive and negative charges ±q, the effective charge emitted is a positive fraction of the same sign charge ξq (0 ≤ ξ < 1). Then the effective charge q = −δQ emitted per one quanta of mass m = −δM , is less than q the quantum of charge. So we define q /q = ξ a ratio to be found. This parameter can be obtained from
, where dQ =Q − Q and dM =Ḿ − M are the change of black hole charge and mass during an infinitesimal radiation process and is a function of (α, Q, M, q m ). Then ifQ/Ḿ is larger than Q/M , the black hole has moved closer to the extremal limit, and when this process continues finally it will end up with extremal parameters and the radiation stops. Such condition is satisfied if To see that there are also black holes that evaporate completely we give two examples;
One is the case where α = 0 i.e. the RN black hole which is well known to lose charge very quickly and then totally evaporate [6, 8] . The other example when a black hole with a given Q/M moves away from the extremal condition after emission of charge ξq and mass m. This means when Before performing any detailed calculation let us estimate the transition line for large α. As discussed previously as α increases charge flux decreases and tends to zero as
→ 0, while the energy flux remains finite. Hence, at this limit ξ which is the ratio of charge flux to energy flux (
) tends to zero. As we will show bellow ξ < q m
. Also, the line
gives an upper limit approximation for the transition line which is shown in figure 5 . This holds for α > α 0 (= , (4.17) here the term ∂M neutral ∂t presents contribution of other neutral particles which reduces ξ. Obviously it can be seen that the above expression is always less than 1 (ξ < 1).
For any given value of mass M and charge Q of the black hole and α the value for ξ determines fate of the black hole or determines weather the black hole is in extremal regime or in decay regime. Indeed, ξ presents competition of charge and energy emission of the black hole.
We can estimate the integral in (4.17) as function of . According to figure 9 and [44] , ω max increases as the temparature of the black hole increases (ω max ≈ T H ). η is small for the near extremal black holes for α > 1, since T H becomes very large. Then taking η small and neglecting the effect of neutral particles we have;
−λη mods n γ n (λ) mods n γ n (λ) − λη 1 1 + e λ + λη.
( 4.18) where γ n (λ) = ∂γn(λ) ∂λ .
Hence the upper limit for ξ is given by ξ < λη(ξ < qQ T H r + ). As ω max ≈ T H , and ω ≥ m, for small black holes (black holes with high temperature or 8πmM < 1) we have T H > m. Consequently these approximations leads to the following inequalities,
In order to calculate the transition line more precisely we assume the upper bound ξ < qQ T H r + and insert it in (4.16).
Or in another form,
In order to obtain the transition line we put
Numerical solution of this equation is given in figure 5 . Solution of this equation gives us the transition line as a function of α. Assuming α >> 1, the solution of the above equation gives,
We see that this line decreases as a function of α 2 0 /α at large α as like as former approximation to transition line. Besides, contrary to the former approximation, this transition line does not intersect the boundary of r − ≤ r + at α = α 0 . For small α << α 0 √ 8πmM this transition line is very close to the extremal boundary Q/M = √ α 2 + 1 which is shown in figure 5 . The relative difference to the extremal line for α >> 1 is given by,
In the system of standard units assuming M = 2 × 10 30 as solar mass and for electron this distance becomes
. One can check that for small couplings this relative distance reduces to 2.5 × 10 −60 M M α 2 . Also at α = α 0 this ratio becames 10 −17 . This relative distance for a solar mass black hole and small α shows that how much the black hole needs to be near the extremal limit to be in extremal regime. While for α >> α 0 √ 8πmM it reduces to 1 and covers all the 0 <
One can compare this line with former approximation (
. Both have similar behaviour as α 2 0 /α. Hence, the ratio of their differences to the width of the region ( √ α 2 + 1) becomes,
At α > α 0 , as α increases this ratio decreases and tends to zero. However, for large black holes where 8πmM is greater than 1, it is possible that the above expression became negative (as explained before); the black hole becomes cooler and the inequality T H > m no longer holds.
From our discussion in the first part of this section and numerical calculation of next section, we see that for α > 1 the backreaction and high potential barrier impedes the radiation near the extremal limit. Then the radiation vanishes; as a result, for the black holes in the extremal regime the final stage can be stable. Furthermore, at the limit α >> 1 the background geometry tends to the flat one.
As the black hole tends to the extremal limit, its temperature increases and diverges, while its area vanishes. However, at this limit the potential barrier outside the event horizon of the black hole, as mentioned previously impedes the radiation of this hot body. Hence this potential barrier acting as an isolator outside the event horizon prevents the black hole to become in thermal equilibrium with outside world. Consequently, the black hole stays stable.
Results and discussion
In this section we analyse and discuss effects of various parameters on the potential and greybody factors obtained in previous sections. Modification of the Hawking radiation on the light of the behaviour of the greybody factors is also discussed.
The discussion is based on numerical results in solving the basic equations (3.1). Since there are several parameters the discussion becomes complicated. So we discuss different factors separately.
We shall consider the effects of charge, mass and angular momentum of the emitted particle, dilaton coupling constant α, the near extremality condition and finally the difference between scalars and fermions. 
Effects of the charges of the emitted particle and of the black hole
The following analysis is based on computations leading to Figures 6a and 6b that show the potential barrier for both q having the same sign and opposite to the black hole.
It shows that the potential for the particles with the same signs as the black hole (qQ > 0) is higher than the potential when the two signs are opposite (qQ < 0). The result on the greybody factors can be seen in figure 6c which shows that for low frequencies (ωr + << 1 or more precisely ω T H << 1) the greybody factors for the same sign particles are always lower and hence less particles with the same sign are emitted at low frequencies i.e. they do not have sufficient energy to escape the barrier. The effect changes at high frequencies by including backreaction correction which can be seen from the figure 7d that shows the difference of the two greybody factors. When a high energy particle with opposite sign (qQ < 0) is emitted, the black hole gets closer to the extremal limit and the height of potential barrier for α > 1 sharply increases. This higher potential barrier itself forces the emitted particle back toward the black hole.
Despite the fact that potential barrier prevents more of charged particles with same sign as the black hole than opposite sign particles to pass through, creation rate of charged particles with same sign to black hole due to thermal radiation is more than opposite sign particles. Hence, a competition arises between the thermal radiation and the greybody factors. At low energies particles cannot easily pass through the potential barrier hence the greybody factors will be dominant. On the other hand because high energy particles can pass through the potential barrier more easily, the thermal Hawking radiation will be dominant at high frequencies. As a result, at low frequencies sign of charge flux is opposite to the black hole charge, while at high frequencies it is equal. Exact calculations show that the total flux coming out of the black hole is always with the same sign of the black hole. Figures 1, 8 and 9 show that as the charge of black hole increases, the radiation becomes more sensitive to the change of the coupling constant. On the other hand, Table 1 : behaviour of maximum height V max , location of maximum point r max of effective potential, γ(ω), location of maximum point of power spectrum (ω max ) by increment of BH charge (
at very low charges, the black hole behaves similar to the Reissner-Nordström black hole. In the range 0 ≤ α < 1/ √ 3 as the charge of black hole increases the height of potential barrier decreases and the maximum recedes from the black hole resulting in the increase of the greybody factors and the location of the peak of the power spectrum ω max decreases. In the case α = 1/ √ 3 the potential and greybody factors and ω max do not change with the change of the charge of the black hole. When 1/ √ 3 < α ≤ 1 the potential grows and its maximum moves toward the event horizon, the greybody factors decrease and ω max increases. At α > 1 and approaching the extremal limit, (3.22) shows that, the height of the potential grows indefinitely and the location of its maximum r max approaches the event horizon, the greybody factors decrease and ω max increases. For a better undrestanding these results are shown on table 1.
The greybody factors as function of ω, shows two low and high cutoff frequencies; the low cutoff does not show much sensitivity to different parameters including the charge. On the other hand the high cutoff frequency ω HCF shows strong dependence on
, which can be seen in figure 10a and equation (4.4) that shows it decreases as the charge increases.
The change in the Hawking temperature, as the charge changes depends on the value of α.
For α < 1, as Q increases the Hawking temperature decreases and approaches zero and the black hole cools, therefore the radiation is decreased (figures 9a, 9b and table 2).
For α = 1, as Q increases the temperature T H doesn't changes, greybody factors decrease, so evaporation rates decrease (figures 8c, 9c and table 2).
For α > 1 at small Q, the behaviour is similar to that of RN black hole. But as Q increases the Hawking temperature diverges and the black hole becomes hot, so the evaporation rates grows significantly with increase in the BW (bandwidth: the range covered between the two points where the evaporation rate is half of its maximum). FCFS (frequency of change in flux sign, i.e. the frequency where the sign of the charge 
= 0) also grows with the charge Q (figures 9d, 9e, 10c and table 2). However near the extremal limit due to presence of high cutoff frequency ω HCF the process slows and the emission rates and bandwidth get suppressed (figure 10 and table 2).
Effect of dilaton coupling constant
In the previous discussion on the effect of charge we have also discussed some of the effects of change in α. In this part we look at changes in other quantities such as Hawking temperature, the emission rates, cutoff frequencies, . . . as the dilaton coupling changes.
The special point α = 1/ √ 3 which showed importance for charge dependence does not show any particular relevance for other quantities. On the other hand the particular point α = 1 marks serious changes in the behaviour of most of the quantities mentioned.
As the coupling constant increases, the height of the potential barrier shown in figure 1 increases along with a decrease in its width, which becomes considerable near extremal limit for α > 1. In this case upon approaching the extremal limit, the height of the potential barrier grows indefinitely, and hence the greybody factors ploted in figures 11a and 11b decrease. In the limit of very large α the dependence on α disappears (figures 7 and 11). With increase in α, the Hawking temperature of black hole increases. Hence the energy evaporation rate and its bandwidth shown in figure 11c increase and tends to a constant rate. Also the charge flux in figure 11d increases with α, but as discussed in section 4.3 for e ω 1 √ 1+α 2 << 1 it decreases and tends to zero at the limit e ω 1 √ 1+α 2 → 0. The figure 7b shows the charge flux for different values of α; the change in the flux sign ω F CF S , occures at a frequency which grows with α due to increase of temperature. Table 3 gives a picture of the behaviour of the quantities with change in α. and frequency of change in flux sign(ω F CF S ) by increment of coupling constant α.
Effects of mass, angular momentum, and the statistic of the emitted particle
Again the quantity to study is the height of the potential that has strong effect on the greybody factors. Equation (3.15) shows the height of potential barrier grows as the angular momentum of particle increases. Increase of the angular momentum κ, causes considerable decrease in the energy and charge fluxes. This is why it is rational to consider only the lowest value of the angular momentum, in the case of our interest κ = 1. Equation (4.14) shows that the mass of the particle affects the low frequency spectrum of greybody factors. Particles with energy less than the rest mass ω ≤ m are not real and will never reach the infinity and hence the relevant greybody factors vanish and with that, the energy and charge fluxes.
The effective potential obtained for spin 1/2 particles behaves like the scalar particle potential which is mentioned in section 2 and calculated in [3] . For the class α < 1, at the event horizon the potential barrier vanishes. This barrier has a finite maximum tending to zero by increasing radius. For the case α = 1, the height of potential barrier near the extremal limit remains finite. For α > 1, in the extremal limit the height of potential barrier diverges while its position approaches the event horizon. For non-extremal cases the height of potential barrier is finite, but its peak (as it tends to extremal limit) grows as like as (r + − r − ) −2(α 2 −1)/(α 2 +1) . Figure 2 shows that the height and width of the effective potentials for scalars are smaller than effective potentials for fermions and greybody factors and hence evaporation rates for scalars are always greater than gerybody factors and evaporation rates for fermions.
However, the overal behaviour of dilaton black hole for scalar particles on increasing or decreasing parameters α and Q is similar to fermions, the scalar particles dominate over the fermions on determining the fate of dilaton black hole.
Conclusion
In this paper we have calculated the greybody factors for charged spin 1/2 particles in the dilaton black hole background and investigated its effects. First it was done using the Rosen-Morse potential and WKB approximation. The advantage of these methods are that they gave us a good general formula that described the behaviour of greybody factors albeit approximately. In calculation of evaporation rates by Rosen-Morse method errors become significant. To avoid these errors we performed more accurate numerical computations. Although qualitatively, and for most of the time even quantitatively these analytic computations are reliable. In the calculation of evaporation rates semiclassical approximation was employed. For better accuracy we applied back-reaction correction. This correction, adiabatically brought the dynamics into the solution which shows a considerable effect on high frequency spectrum of the greybody factors especially near extremal limit. Consideration of the backreaction caused highly non-trivial picture which specially revealed new phenomenon of evaporating to extremal limit as fate of certain dilaton black holes. We obtained a cutoff frequency for greybody factors at high frequency for α > 1. Hence greybody factors act like filter i.e. filter for low and high frequencies, like a band-pass filter. With the increase of the charge of the black hole high cutoff frequency ω HCF decreases, while low cutoff frequency ω LCF increases. As a result in this limit the black hole stops radiating.
We obtained that for α > 1 due to the growth and divergence of the temperature and height of the potential barrier of the black hole, a competition between these two arises. For low charges the greybody factors are dominant (as the charge of black hole increases the evaporation rate decreases) while for large Q the temperature takes over (as the charge of the black hole increases the evaporation rates increases). Also increase of the coupling constant acts in favor of the temperature; as α increases the onset of the increase of the evaporation rate moves to lower charges. This effect does not last forever, at the extremal limit due to the existence of high cutof frequency the radiation become suppressed. Divergence of low cutoff frequency and decrease in high cutoff frequency at the extremal limit turn off the Hawking radiation of the black hole. In this situation from viewpoint of an infinite observer the space-time around the event horizon of the black hole extinguishes the Hawking radiation of dilaton black hole.
We also obtained another difference that distinguishes dilaton black hole from other black holes. Because the charge evaporation rate is always faster than the energy evaporation rate normal black holes always lose their charge and become neutral, and then, similar to the Schwarzschild black hole radiate their energy away and disappear. But for the dilaton black holes we have found unexpected result that fate of the black hole depends on different variables, Q/M , α, mM , and α 0 = q/m charge over mass ratio of the emitted particle. A transition line separates the two regions in the (Q/M, α) plane.
For the first approximation, we obtained this transition line to be Q/M = α 2 0 / √ α 2 + 1 for α > α 2 0 − 1. This approximation gave an upper bound for ξ for small black holes (8πmM < 1). More presice solution of this transition line shows that there is a small area of extremal regime for α < α 2 0 − 1. Precise solution shows that for α < α 0 √ 8πmM a tiny part of the allowed region belongs to the extremal regime and almost all of it belongs to the decay regime. In contrast for α > α 0 √ 8πmM a much larger part of the allowed space belongs to the extremal regime. Therefore for small black holes, in practice α 0 marks a critical value for α below which almost all the conditions result in toatl evaporation and after which most of the parameter space belongs to the extremal regime.
In the extremal regime the final state of the black hole is a stable situation were it acts like an elemntary particle [3] . Incidently for this region the background metric become flat as the temperature tends to infinity and its entropy vanishes; establizing the black hole which makes it more identifiable with an elmentary particle.
During the radiation process the greybody factors always tend to add charge to the black hole in contrast with Hawking radiation spectrum that always tends to discharge it. Now the question is why this competition is always in the interest of the Hawking radiation and not the greybody factors. The answer to this question is that the gravity where the Hawking radiation originates, near the event horizon is stronger than the effect of the greybody factors which have their source outside the event horizon.
The fate of an extremal dilaton black hole may differ from the Reissner-Nordström black hole, in the α = 1 case, since the role of the two horizons in the charged dilaton black hole are very different. Evolution of rotating dilaton black holes and corresponding transition line may differ from the non rotating case and needs a separate analysis. It may be possible that at large α we may be able to consider a class of these black holes as elementary particles; being stable and possesing definite mass, spin and charge. Throughout this work we have always considered r − < r + . The case for r − > r + is very different and also needs its own particular analysis. These questions are under investigation by the authors. appropriate change of variables. The methods developed in [20-23, 28, 30, 36-38] are employed.
Consider the most general spherically symmetric static metric ) j = l + (A.14)
Here κ ± is positive and negative integers(κ ± = ±1, ±2, ...). This new coordinate is obtained from tortoise coordinate r * = (B(r)/A(r)) dr. Hence, we call this coordinate generalized tortoise coordinate change.
With simplification we get
In studying the black holes with anisotropic metric factors like lifshitz, where we have anisotropic scale transformation, understanding the effect of these factors is critically important, so we calculated the effective potential for most general spherically symmetric static family of black hole.
Considering the superpotential W we see that the factor of metric A(r) can have crucial effect on potential with respect to the factor B(r). Hence for the black holes which factor A(r) has a distinct behaviour we can expect different results.
